The spin Hall effect (SHE) for polaritons in a transition metal dichalcogenides (TMDC) monolayer embedded in a microcavity is predicted. We demonstrate that two counterpropagating laser beams incident on a TMDC monolayer can deflect a polariton flow due to the generation the effective gauge vector and scalar potentials. The components of polariton conductivity tensor for both noninteracting polaritons without Bose-Einstein condensation (BEC) and for weakly-interacting Bose gas of polaritons in the presence of BEC and superfluidity are obtained. The possible experimental observation of the spin Hall effect for microcavity polaritons is proposed, which also provides the method to observe the signature of the superfluidity of microcavity polaritons.
I. INTRODUCTION
Transition metal dichalcogenides (TMDCs) monolayers such as MoS 2 , WS 2 , MoSe 2 , WSe 2 , MoTe 2 , and WTe 2 are characterized by the direct gap in a single-particle spectrum exhibiting the semiconducting band structure and strong spin-orbit coupling [1] [2] [3] [4] [5] [6] . Significant spin-orbit splitting in the valence band leads to the formation of two distinct types A and B excitons [7] . A excitons are formed by spin-up electrons from conduction and spin-down holes from valence band, while type B excitons are formed by spin-down electrons from conduction and spin-up holes from valence band. Recently, microcavity polaritons, formed by excitons in TMDCs embedded in a microcavity, attracted the interest of experimental and theoretical studies. The exciton polaritons, formed by cavity photons and excitons in MoS 2 [8] and WS 2 [9] monolayers, and a MoSe 2 monolayer supported by h-BN layers [10] , embedded in a microcavity, were observed experimentally at room temperature. The exciton polariton modes formed due to interaction between excitons in MoS 2 and WS 2 monolayers and photons in an optical microcavity were studied [11] . In Ref. [12] the phase diagram of polariton Bose-Einstein condensation (BEC) in a microcavity with an embedded MoS 2 monolayer was presented. An experimentally relevant range of parameters, at which room-temperature superfluidity of exciton polaritons can be observed in an optical microcavity with an embedded MoS 2 monolayer, was determined in the framework of driven diffusive dynamics [13] , while in Ref. [14] the phase diagram of polariton condensate, formed by TMDC excitons coupled to microcavity photons, was studied theoretically.
Strong spin-orbit coupling in TMDCs can lead to the spin Hall effect (SHE), which is one of the most essential effects in spintronics [15, 16] . The SHE is the result of generation of a transverse spin current as a response to a longitudinal applied electric field that results in spin accumulation of the carriers with opposite spins at the opposite edges of the samples transverse to the applied electric field [17] [18] [19] . Under applied electric field this transverse spin current can be generated in the systems with strong SOC due either the properties of the electron band structure or scattering on the impurities.
A method to observe the SHE for cold atoms under light-induced gauge potentials was proposed in Refs. [20] [21] [22] . This gauge potential is created when two coordinate dependent laser beams interact with three-level atoms. The vector potential leads to a nonvanishing effective magnetic field, if at least one of the two light beams has a vortex [20, 21] . A nonvanishing effective magnetic field can be created without existence of a vortex in a laser beam, if two counterpropagating and overlapping laser beams with shifted spatial profiles interact with three-level atoms [23] . The spin Hall effect for cold atoms can be observed when two counterpropagating Gaussian laser beams with shifted centers generate a spatially slowly varying gauge field acting on three-level atoms [24] .
In this letter we predict the SHE for polaritons, formed by microcavity photons and excitons in TMDC materials embedded into the microcavity. Schematic representation of the light-induced spin Hall effect for microcavity polaritons in TMDC layer is depicted in Fig. 1 and can be described as follows. Two Bragg mirrors placed opposite each other at the antinodes of the confined photonic mode form a microcavity, and a TMDC layer is embedded parallel to the Brag mirrors within the cavity. As a result of the laser pumping the resonant exciton-photon interaction leads to the Rabi splitting in the excitation spectrum [25, 26] . The polaritons cloud is formed due to the coupling of excitons created in a TMDC layer and microcavity photons. Two coordinate-dependent, counterpropagating and overlap- ping laser beams in the plane of the TMDC layer interact with a cloud of polaritons. The counterpropagating and overlapping laser beams, characterized by Rabi frequencies Ω 1 and Ω 2 produce the spin-dependent gauge magnetic and electric fields [23, 24] due to strong SOC for electron and holes in TMDC [27] . Excitons forming polaritons in these gauge magnetic and electric fields form spin-dependent light dressed states [28] [29] [30] due to the interaction with laser beams. The gauge magnetic field deflects the exciton component of polaritons consisting from the excitons with different spin states of charge carriers, namely A and B excitons, towards opposite directions, inducing a finite spin current. Therefore, one can observe the light-induced spin Hall effect for microcavity polaritons, formed by excitons in a TMDC layer. For the laser pumping frequencies, corresponding to the resonant excitations of one type of excitons (A or B ), the corresponding excitons together with coupled to them photons form polaritons, which deflect to only one transverse direction. The flow of polaritons, associated with this spin current, results in the flow of photons, coupled to excitons in a TMDC layer. Therefore, we propose the method to control photon flows. We are considering the SHE of polaritons in two regimes: non-interacting polaritons with the quadratic spectrum in a very dilute limit, when the polariton density is not enough to create BEC at a given temperature and the limit of higher polariton densities in the presence of BEC and superfluidity. Also we propose the method to experimentally observe the signature of the superfluidity of microcavity polaritons due to the spin Hall flow of polaritons.
The paper is organized in the following way. In Sec. II, we present the effective Hamiltonian for microcavity polaritons, formed by cavity photons and TMDC excitons, coupled to two laser beams, which is producing the gauge vector and scalar potentials. The tensor of the polariton conductivity, which is the linear response of the polariton flow on the scalar gauge field, and the corresponding resistivity tensor for non-interacting microcavity polaritons in the SHE regime are obtained in Sec. III. The conductivity tensor for microcavity polaritons in the presence of superfluidity in the SHE regime is derived in Sec. IV. In Sec. V, we propose the experiment to observe the spin Hall effect for microcavity polaritons. The technological applications of the SHE for microcavity polaritons in TMDC monolayers are proposed in Sec. VI. The discussion of our results and conclusions follow in Sec. VII.
II. THE EFFECTIVE HAMILTONIAN FOR MICROCAVITY POLARITONS IN THE PRESENCE OF COUNTERPROPAGATING AND OVERLAPPING LASER BEAMS
Let us consider the effective Hamiltonian of polaritons, formed by TMDC excitons coupled to microcavity photons in the presence of counterpropagating and overlapping laser beams. The exciton component of polaritons in a TMDC heterostructure is coupled to two counterpropagating and overlapping coordinate dependent infrared laser beams. The coupling of TMDC excitons to two coordinate dependent laser beams, moving along the plane of TMDC, results in the gauge vector and scalar potentials [23, 24] , acting on the centers-of-mass of TMDC excitons [27] .
The Hamiltonian of TMDC polaritons in the presence of counterpropagating and overlapping laser beams, can be written asĤ
whereĤ exc is the Hamiltonian of excitons in the gauge field produced by two counterpropagating and overlapping laser beams,Ĥ ph is the Hamiltonian of microcavity photons,Ĥ exc−ph is the Hamiltonian of exciton-photon coupling, andĤ exc−exc is the Hamiltonian of exciton-exciton interaction. Below we consider two regimes: i) a very dilute system of non-interacting polaritons when the exciton-exciton interaction is neglected, i. e.Ĥ exc−exc = 0 and ii) a weakly interacting Bose-gas of polaritons characterized by superfluidity, when exciton-exciton hard core repulsion is taken into account. In this Section we focus on the regime (i), while the regime (ii) is discussed in Sec. IV.
The Hamiltonian of 2D excitons in the presence of counterpropagating and overlapping laser beams can be presented asĤ
whereb † P andb P are excitonic Bose creation and annihilation operators obeying Bose commutation relations. In Eq. (2), ε ex (P) = E bg − E b + ε 0 (P) is the energy dispersion of a single exciton in a TMDC layer, where E bg is the band gap energy, E b is the binding energy of an exciton, and ε 0 (P) is the energy spectrum of a single exciton in a TMDC coupled to two infrared, coordinate dependent laser beams. The interaction of the exciton in a TMDC monolayer with two counterpropagating Gaussian laser beams can be represented as the interaction with the gauge vector and scalar potentials [27] . It is shown in Appendix A that in the linear order with respect to the coordinate the gauge scalar potential is constant and, therefore, can be omitted. In this case, ε 0 (P) can be written as [27] 
where M is the mass of an exciton and A σ is the vector gauge potential acting on the exciton component of polaritons, associated with different spin states of the conduction band electron, forming an exciton, σ =↑ and ↓.
The deflection of polaritons occurs via the action of laser beams on the exciton component of the polaritons. Therefore, we need the Hamiltonian of the TMDC exciton coupled to two counterpropagating Gaussian laser beams. This Hamiltonian is required in order to obtain the Hamiltonian for microcavity polaritons, by adding the termsĤ ph and H exc−ph responsible to microcavity photons and exciton-photon coupling, respectively. We analyze the Hamiltonian for non-interacting TMDC excitons coupled to two counterpropagating Gaussian laser beams in Appendix A. By expanding the gauge vector potential, acting on excitons, in the linear order with respect to the coordinate, the constant gauge magnetic field is obtained. The gauge scalar potential, acting on excitons, is the even function of the coordinate and, therefore, has no linear order term with respect to the coordinate.
The Hamiltonian of non-interacting photons in an optical microcavity has the form [31] :
whereâ † P andâ P are photonic creation and annihilation Bose operators. In Eq. (4) ε ph (P ) = (c/ñ)
is the spectrum of the microcavity photons. where c is the speed of light, L C is the length of the cavity,ñ = √ ǫ is the effective index of refraction of the microcavity, ǫ is the dielectric constant of the cavity, and q is the integer, which represents the longitudinal mode number.
The Hamiltonian of harmonic exciton-photon coupling is given by [32] :
In Eq. (5) Ω R is the Rabi splitting constant which represents the exciton-photon coupling energy and is defined by the dipole matrix element, corresponding to the transition with the exciton formation [33] and has different values depending on the material where polaritons are formed. Then we apply the quasilocal, that is quasiclassical approach, which can be used for the momenta P , obeying to the condition P r 
=
/B (ef f ) is the effective magnetic length, and B (ef f ) is the magnitude of the effective magnetic field, acting on polaritons, defined below. In this case, the HamiltonianĤ assumingĤ exc−exc = 0 can be diagonalized by using unitary transformations as presented in Appendix B. Substituting Eq. (B3) into the total HamiltonianĤ (1), one obtains the Hamiltonian of lower polaritons [32] :
wherep † P andp P are the Bose creation and annihilation operators for the lower polaritons. The single-particle lower polariton spectrum, which one obtains from Eq. (B2), is given by
where ε(P) has the form
In Eq. (8) m ph = πq/((c/ñ)L C ) is the effective mass of microcavity photons, and it is obtained under the assumption of small momenta in the first order with respect to the small parameter
Counting energy relative to P = 0 and A σ = 0 the lower polariton energy (c/ñ) πqL −1 C − | Ω R |, the effective Hamiltonian for microcavity polaritons in the momentum representation can be written aŝ
where the spectrum ε(P) of lower polaritons with zero detuning is given by Eq. (8) . After simple algebraic transformation Eq. (8) can be rewritten as
where
and V (ef f ) are the effective vector and scalar potentials, respectively, acting on polaritons, and are given by
In Eq. (11) A σ is the gauge vector potential acting on excitons, obtained in Ref. [27] and given by Eq. (A4). Let us mention that A (ef f ) σ and V (ef f ) are obtained employing diagonalization of the HamiltonianĤ under assumption H exc−exc = 0 by using unitary transformations presented in Appendix B. It follows from Eq. (11) that acting on polaritons effective gauge scalar potential V (ef f ) , determined by the gauge vector potential A σ acting on excitons, depends on y, while the gauge scalar potential V σ acting on excitons in the linear order with respect to y is a constant. Therefore, V (ef f ) leads to non-zero effective gauge electric field E (ef f ) acting on polaritons, while the gauge electric field acting on excitons is zero in the linear order with respect to y.
Substituting Eq. (A4) into (11), assuming slowly changing gauge potential, and keeping only terms, linear with respect to y, the effective gauge vector and scalar potentials acting on the polaritons can be written as
Therefore, the effective gauge magnetic field B (ef f ) σ along z axis and effective gauge electric field E (ef f ) along y axis are
The analysis of Eqs. (12) and (13) shows that the effective gauge vector potential and effective magnetic field are different for A and B polaritons due to the factor η ↑ = 1 for an A exciton and η ↓ = −1 for a B exciton, while the effective gauge scalar potential and effective electric field do not depend on the spin orientation σ. As a result, the effective gauge magnetic field B (ef f ) σ deflects the polaritons consisting from the excitons with different spin states of charge carriers (A and B excitons) towards opposite directions. Thus, the system under consideration demonstrates the spin Hall effect for polaritons. Also let us mention that there is an effective uniform electric field acting on polaritons, while this effect is absent for excitons.
The dependencies of the effective gauge magnetic and electric fields on the distance between the centers of the contrpropagated laser beams for A and B polaritons are presented in that the effective gauge magnetic B (ef f ) and electric E (ef f ) fields decrease with the parameter l, and they are the largest for a WS 2 monolayer and the smallest for a MoSe 2 monolayer at the same l. Also, for the same TMDC monolayer B (ef f ) and E (ef f ) are larger for B polaritons than for A polaritons. Let us mention that the exciton spin Hall effect was proposed for interlayer excitons in a MoSe 2 − WSe 2 van der Waals heterostructure, where electrons are located in a MoSe 2 monolayer, while holes are located in a WSe 2 monolayer [27] . The interlayer excitons in such heterostructures are characterized by relatively high lifetime, because the electron-hole recombination is suppressed since electrons and holes are spatially separated in different monolayers [34, 35] . The increase of the exciton lifetime does not essentially influence the lifetime of polaritons, because the polariton lifetime is determined by the lifetime of the microcavity photons. The lifetime of the microcavity photons is much smaller than the lifetime of excitons, because the microcavity photons leave the microcavity much faster than electrons and hole recombine. Therefore, we can consider the excitons in a single TMDC monolayer, embedded in a microcavity, without sufficient decrease of the polariton lifetime compared with the TMDC van der Waals heterostructure, studied in Ref. [27] .
III. RESISTIVITY AND CONDUCTIVITY TENSORS FOR NON-INTERACTING MICROCAVITY POLARITONS IN THE SHE REGIME
In this Section, we consider the dilute system of non-interacting microcavity polaritons when the concentration n is too low to form the BEC at given temperature. Applying the Drude model, one can write the transport equation for microcavity polaritons, moving in both the effective electric E (ef f ) and magnetic B (ef f ) σ fields as [36, 37] 
where v is the velocity and τ is a scattering time of microcavity polaritons. For a steady state, setting dP/dt = 0, and using P = M p v, one obtains
where the linear polariton flow density is defined as j = nv.
Following Ref. [37] , for the resistivity and conductivity tensors for polaritons moving in effective electric and magnetic fields we use the similar definitions. In particular, the 2 × 2 resistivity matrix ̺ σ can be defined as E (ef f ) = ̺ σ j, with the diagonal ρ σxx and ρ σyy , and the off-diagonal ρ σxy and ρ σyx components known as the Hall resistivity [36] given by
where B (ef f ) is the magnitude of the effective magnetic field B (ef f ) σ . We define the Hall coefficient R Hσ as
The conductivity tensorσ σ is the inverse matrix to the resistivity matrix ̺ σ . The diagonal and off-diagonal components, in our case the Hall conductivity, components ofσ σ are given by
where σ 0 = τ n/M p and ω c = B (ef f ) /M p is the cyclotron frequency. As it can be seen from Eqs. (16), (17), and (18), the Hall resistivity, Hall coefficient, and Hall conductivity depend on the spin orientation σ.
In our calculations and estimations here and below we use the following parameters. For the microcavity we use the parameters from Ref. [10] :ñ = 2.2, L C = 2.3 µm, q = 5 and obtain the effective mass of microcavity photons: m ph = 5.802 × 10 −6 m 0 , where m 0 is the mass of an electron. The experimentally measured values of the Rabi splitting constant Ω R were reported as 46 ± 3 meV for a MoS 2 monolayer [8] , 20 meV for a MoSe 2 monolayer [10] , and 70 meV for a WS 2 monolayer [9] . We use the sets of effective masses for electrons and holes in various TMDCs from Refs. [38, 39] . When we consider A and B polaritons the polariton effective mass M p should be replaced by M pA and M pB for A and B polaritons, respectively, while the masses of A and B excitons, respectively are M A and M B .
A scattering time of microcavity polaritons is τ (P ) = X 4 P τ ex (P ) ≈ τ ex (P )/4 [40] . The exciton relaxation time τ ex (P ) can be approximated by its average valueτ ex = τ ex (P ) , which can be obtained from the exciton mobilitỹ µ ex = eτ ex /M , where e is the electron charge.
IV. SPIN HALL EFFECT FOR MICROCAVITY POLARITONS IN THE PRESENCE OF SUPERFLUIDITY
In the dilute limit na 2 2D ≪ 1, where a 2D is the 2D exciton Bohr radius, at sufficiently low temperatures the BoseEinstein condensation of polaritons appears in the system, and the corresponding Hamiltonian of a weakly-interacting Bose gas of microcavity polaritons with hard-core repulsion is presented, for example, in Ref. [41] . For the simplicity one can consider the Thomas-Fermi approximation for the polariton condensate density profile in the non-quantizing effective magnetic field B (ef f ) σ . Within this approximation the polariton condensate density profile for the system does not depend on the effective magnetic field. The Thomas-Fermi approximation is valid if the healing length ξ [42] of polaritons is much less than the other characteristic length parameters of the system such as the effective magnetic length:
. The healing length for polaritons ξ is given by ξ = / 2M p µ p , where µ p is the chemical potential of weakly-interacting Bose gas of polaritons in the Bogoliubov approximation [43, 44] is the dielectric constant of the microcavity, and a 2D = 2 ǫ/ 2µ ex ke 2 is the 2D exciton Bohr radius, and µ ex is the exciton reduced mass, defined as µ ex = m e↑ m h↓ / (m e↑ + m h↓ ) and µ ex = m e↓ m h↑ / (m e↓ + m h↑ ) for A and B excitons, correspondingly.
In experiments, the exciton density in a TMDC monolayer was obtained up to n = 5 × 10 11 cm −2 [45] , and we will use this value for n in our estimations. Since for the system for A excitons a 2DA = 3.875Å and for B excitons a 2DB = 4.41Å, one obtains na for A and B polaritons, respectively, the Thomas-Fermi approximation is valid for the system under consideration.
The Bogoliubov approximation for the dilute weakly-interacting Bose gas of polaritons results in the sound spectrum of collective excitations at low momenta [43, 44] : ε(P ) = c S P with the sound velocity [41] :
2 a 2D n/(2ǫM p ) 1/2 . Let us consider the microcavity polaritons at low temperatures in the presence of superfluidity when the effective effective magnetic B (ef f ) σ electric E (ef f ) fields are given by Eqs. (13) . In the presence of superfluidity, the polariton system is formed by two components: superfluid and normal [43, 44] . The superfluid-normal phase transition in this 2D system is the Kosterlitz-Thouless transition [46] , and the temperature of this transition T c in a 2D microcavity polariton system is determined as:
where n s (T ) is the concentration of the superfluid component of the polariton system in a microcavity as a function of temperature T , and k B is the Boltzmann constant. The polaritons in the superfluid component do not collide, and therefore, the scattering time of microcavity polaritons is τ → +∞. In this case, one obtains the transport equation for microcavity polaritons from Eq. (14), which can be rewritten for the x -and y-components as
If the initial conditions for Eq. (20) are v x = v y = 0, the superfluid polaritons will be accelerated until the system reaches steady state, setting dP/dt = 0, which corresponds to dv x /dt = dv y /dt = 0. According to Eq. (20) , in the steady state v y = 0 and
. Defining the linear superfluid polariton flow density as
is a 2D concentration of the superfluid component [43, 44] ), one obtains the conductivity tensorσ 
For the conductivity tensorσ , substituting σ 0 (T ) = τ n n (T )/M p , where n n (T ) is a 2D concentration of the normal component [43, 44] .
The total conductivity tensor in the presence of superfluidity is given byσ
. We obtain the superfluid density as n s (T ) = n − n n (T ) by determining the density of the normal component n n (T ) when we follow the procedure [43] as a linear response of the total momentum with respect to the external velocity:
Since the diagonal components of the conductivity tensor for the superfluid component σ
σyy equal to zero, only the normal component contributes to the diagonal components of the total conductivity tensor σ
σyy . In the presence of superfluidity at T < T c the diagonal components of the total conductivity tensor are directly proportional to the concentration of the normal component n n (T ), which increases according to Eq. (22) as T 3 , one can determine n n (T ) and n s (T ) by experimental measurement of σ
σyy . While at T ≥ T c the diagonal components of the conductivity tensor almost do not depend on temperature, since at these temperatures the concentration of the normal component equals to the total concentration. Therefore, by experimental measurement of the diagonal components of the total conductivity tensor, one can determine the Kosterlitz-Thouless phase transition temperature T c .
Let us mention that the components of the conductivity tensor can be obtained via the linear polariton flow density j, which is defined by the polariton flow. The polariton flow is determined by the component of the total polariton momentum P in the direction parallel to the Bragg mirrors. The component P can be calculated from the experimental measurement of the angular intensity distribution of the photons escaping the optical microcavity, similar to the experiment suggested in Ref. [40] . The polariton flow was obtained experimentally recording directly the momentum distribution of the particles by angle resolving the far-field photon emission from the polaritons, because P has a one-to-one correspondence with the external angle of photon emission, which was measured [47] . Also the polariton flow can be obtained by using the first order spatial correlation function for a polariton condensate, which was measured experimentally by employing a Michelson interferometer setup [48, 49] .
Let us mention that at small effective magnetic field while the magnitude of the Hall component of the conductivity tensor for the normal component σ (T ) and increase with (ef f ) at B (ef f ) ≪ M p /τ . Therefore, by experimental measuring the off-diagonal components of the total conductivity tensor one can determine the Kosterlitz-Thouless phase transition temperature T c .
It can be seen that at T > T c in the absence of superfluidity, σ σxy as a function of B (ef f ) increases at 0 ≤ ω c τ ≤ 1 and decreases at ω c τ > 1, having a maximum at ω c τ = 1. However, at 0 ≤ T < T c in the presence of superfluidity, σ
(T ) in addition to the maximum at ω c τ = 1, existing at the absence of superfluidity at T > T c . Therefore, the experimental observation of the minimum of σ
(T ) can be treated as an experimental signature of superfluidity in the weakly interacting gas of microcavity polaritons.
Let us mention that at T < T c for small effective magnetic fields in the limit B (ef f ) → 0, when ω c τ ≪ 1, according to Eq. (18) Since at the Kosterlitz-Thouless transition temperature T = T c the universal jump in the superfluid concentration occurs [46] , one can determine T c by experimental observation of the jumps at T = T c in σ 
where T 0 c is the temperature, corresponding to vanishing superfluid density in the mean-field approximation, when
The SHE effect for microcavity polaritons with excitons in a TMDC heterostructure enables to analyze the superfluidity of microcavity polaritons by experimental measuring the components of the total conductivity tensorσ At the temperature T = 300 K for B polaritons we have obtained the total Hall linear polariton flow density in the presence of superfluidity j for B polaritons is larger than for A polaritons for the same monolayer. Let us mention that the results, presented in this Section, are applicable for A and B polaritons. A polaritons are formed via A excitons coupled to microcavity photons, and B polaritons are formed via B excitons coupled to microcavity photons, correspondingly. The effective masses of A and B excitons in a TMDC heterostructure are given by M A = m e↑ + m h↓ and M B = m e↓ + m h↑ , where m e↑(↓) is the effective mass of spin-up (spin-down) electrons from the conduction band and m h↑(↓) is the effective mass of spin-up (spin-down) holes from the valence band, correspondingly. In our formulas above we assume that for A and B excitons mass M should be replaced by M A and M B , respectively. Correspondingly, the polariton effective mass M p should be replaced by M pA and M pB for A and B polaritons, respectively.
V. PROPOSED EXPERIMENT
The proposed experiment for observation of the spin Hall effect for microcavity polaritons is related to the measurement of the angular distribution of the photons escaping the optical microcavity. In the absence of the effective gauge magnetic and electric fields, the angular distribution of the photons escaping the microcavity is central-symmetric with respect to the perpendicular to the Bragg mirrors. We obtain the average tangents of the angles α x and α y between two straight lines, connecting the origin of coordinates at the center of the microcavity with the projections of the centers of the functions of the angular distribution of the escaping photons on the x and y axes in the plane of a Bragg mirror in the absence and in the presence of the effective gauge fields, correspondingly.
The z−component of the polariton momentum P ⊥ perpendicular to the Bragg mirrors of a single polariton is given by [26]
In the absence of superfluidity, the average x− and y−components of the polariton momentum P x and P y of a single polariton parallel to the Bragg mirrors of the microcavity are given by
where v x = j x /n and v y = j y /n are the average x− and y−components of velocity. Therefore, the average tangent of the angles α x and α y between two straight lines, connecting the origin of coordinates at the center of the microcavity with the projections of the centers of the functions of the angular distribution of the escaping photons on the x and y axes, respectively, in the plane of a Bragg mirror in the absence and in the presence of the effective gauge fields, are given as
respectively. Now let us consider the same type of angle in the presence of superfluidity. In this case the corresponding average x− component of the polariton momentum, P
x , is
where v (s)
is the average x−component of velocity of the superfluid component.
The related angle between two straight lines, connecting the origin of coordinates at the center of the microcavity with the projections of the centers of the functions of the angular distribution of the escaping photons on the x axis can be found from the following expression: If superfluidity exists in the system, the average x− and y−components of the polariton momentum, P (n) x and P (n) y of a single polariton in the normal component in the directions x and y parallel to the Bragg mirrors of the microcavity are the following:
In Eqs. (30) and (31) 
σyy E (ef f ) /n n (T ) are the average x− and y−components of velocity of the normal component. The corresponding angles can be found from the following expressions:
Since according to Eq. Table I . According to Table I, α
x for A polaritons are larger than for B polaritons for the same TMDC monolayers embedded in the same microcavities. The largest α x correspond to a WS 2 monolayer and a h-BN microcavity. Let us mention that according to the results of our calculations, the presence of effective gauge magnetic and electric fields results in the shift of the angular distribution of the photons escaping the microcavity only in the x direction due to the corresponding contribution of the superfluid component to the Hall polariton flow. The shift of the angular distribution of the escaping photons due to the contribution of the normal component is negligible in comparison with the width of the angular distribution caused by the thermal momentum distribution of the polaritons in the normal component. The negligible contributions of the normal component to the polariton flows in x and y do not lead to the shift of the angular distribution of the escaping photons, as well as at the absence of superfluidity this shift is also negligible. Therefore, we propose to employ the spin Hall effect for polaritons as a signature of the superfluidity of microcavity polaritons.
Note that the cause of the shift of the angular distribution of the photons escaping from the superfluid component due to the polariton spin Hall effect is different from the reason of the shift of the angular distribution of the photons escaping from the normal component in the polariton drag effect [40, 50] . This difference is related to the fact that the drag effect is caused only by the excitations, while the gauge fields can influence the entire superfluid component.
VI. POSSIBLE TECHNOLOGICAL APPLICATIONS OF SHE FOR MICROCAVITY POLARITONS WITH EXCITONS IN A TMDC HETEROSTRUCTURE
We propose the optical switch based on microcavity polaritons, formed by excitons in a TMDC monolayer, in the SHE regime. We propose the switch for a polariton flow.
One can excite both A and B excitons simultaneously. In this case, A and B polaritons are formed due to coupling of A and B excitons to the microcavity photons, correspondingly. Due to the SHE, there will be two different by magnitude spin Hall polariton transverse flows in opposite directions for A and B polaritons. We can control these two different polariton (photon) flows by changing the concentration of excited A and/or B polaritons. A polariton flow occurs also in the longitudinal direction due to the effective electric field.
Besides, one can excite either A or B polaritons once at the time. We can switch the magnitude and direction of polariton (photon) Hall transverse flow by switching the frequency of laser pumping, exciting either A or B polaritons. By switching from the regime of A excitons (or A polaritons) to B excitons (or B polaritons) or vise versa, we can switch the direction of polariton (photon) Hall flow to the opposite one and change the magnitude of polariton (photon) Hall flow. However, the magnitude of this polariton (photon) flow will be different for A and B polaritons. This magnitude of the polariton flow can be controlled by exciting either A or B polaritons.
VII. DISCUSSION AND CONCLUSIONS
Let us mention that while the effective gauge magnetic field, acting on exciton polaritons given by Eq. (13), is weaker than one acting on excitons due to the factor m ph /M ≪ 1, the cyclotron frequency ω c for polaritons is by the order of magnitude the same as for excitons, since ω c = B
(ef f ) /M p and M p ∼ m ph , which results in cancelation of very small cavity photon effective mass m ph . Since the conductivity tensorσ, and, therefore, polariton Hall flow depend on ω c , the polariton Hall conductivity and polariton flow is not small. Therefore, the spin Hall effect is essential for microcavity polaritons in TMDC.
Another important feature of polariton SHE in TMDC is that due to cancelation of m ph in ω c , the conductivity tensorσ depends on the exciton mass M, which is different for A and B excitons. Therefore, the conductivities and polariton flows (including Hall conductivities and Hall flows) will have different magnitudes for A and B polaritons. Besides, the Hall polariton flows have different directions for A and B polaritons, since they depend on the spin orientation factor η σ . The polariton SHE in TMDC differs for A and B polaritons by twofold: i. the polaritonic flow has different magnitudes due to the different masses of A and B polaritons; ii. the Hall polariton flows will have different directions for A and B polaritons, since they depend on the spin orientation factor.
Let us mention that presented above description of the SHE for non-interacting polaritons is valid for a twocomponent system of A and B polaritons.
The spin orientation and charge independent scalar electric field causes the acceleration at the distances y less than 5 µm for the parameters of two infrared, coordinate dependent laser beams, coupled to the exciton component of polaritons suggested in Ref [27] as was mentioned in Appendix A. However, this scalar electric field vanishes at the distances y from the laser beam much greater than 5 µm. Therefore, the polaritons will be accelerated at the distances much less than 5 µm but then they will be moving with the constant speed at the distances larger than 5 µm. If we consider the collisions and scattering, the polaritons will eventually stop due to these processes. However, superfluid polaritons will not stop, since the superfluid polaritons do not experience such processes. Therefore, we propose the method to accelerate the flow of superfluid polaritons.
The SHE regime for polaritons allows to move and control polaritons by the constant effective electric field due to spin-orbit coupling. This allows to create superfluid flows of polaritons, and, therefore, to move photons, coupled to excitons. This effect is absent for excitons, but exists only for polaritons due to the exciton-photon coupling, described by Hopfield transformations. The gauge electric field for excitons, given by Eq. (A9), does not contain the terms proportional to y.
The novel 2D materials such as transition metal dichalcogenides [1] , germanene [51, 52] , and stanene [53] are characterized by relatively large exciton binding energies and strong spin-orbit coupling. However, in contrast to TMDC, germanene and stanene demonstrate high exciton binding energies and strong SOC only under strong perpendicular electric field. We assume that the SHE can occur for microcavity polaritons, formed by excitons only in the novel 2D materials such as either TMDCs or germanene and stanene under high perpendicular electric field due to strong SOC. In contrast the SHE cannot be observed for microcavity polaritons, formed by excitons in a semiconductor quantum well due to absence of strong SOC. Let us mention that while we study exciton polaritons formed by excitons in TMDCs, our approach seems to be applicable for all novel 2D materials with strong SOC, including germanene and stanene under high electric field.
In conclusion, we have proposed the spin Hall effect for microcavity polaritons, formed by excitons in a TMDC and microcavity photons. We demonstrate that the polariton flow can be achieved by generation the effective gauge vector and scalar potentials, acting on polaritons. This effective scalar gauge potential, acting only on polaritons, is caused by the effective gauge vector potential, acting on excitons. We have obtained the components of polariton conductivity tensor for both non-interacting polaritons without BEC and for weakly-interacting Bose gas of polaritons in the presence of BEC and superfluidity. These results for non-interacting polaritons are applicable for two-component system of A and B polaritons. We have studied the polariton SHE for both superfluid and normal components. We propose the method to study the superfluidity of microcavity polaritons by experimental measurement of the components of the total conductivity tensorσ (tot) σ (T ) as functions of the effective magnetic field B (ef f ) at different temperatures T . We propose the method to determine the concentrations of the normal and superfluid components and the Kosterlitz-Thouless phase temperature of occurrence of superfluidity by experimental measurement of the components of the total conductivity tensor as functions of B (ef f ) and T . The effective magnetic field B (ef f ) can be controlled by the parameters of two counterpropagating Gaussian laser beams according to Eq. (A4). Let us mention that in our approach the both effective magnetic B (ef f ) σ and electric E (ef f ) fields are uniform. The suggested experiment to observe the polariton spin Hall effect can be applied to detect the signature of superfluidity of microcavity polaritons. The technological applications of studied phenomena are discussed. characteristic length of changes in the exciton gauge magnetic field and scalar potential, defined as y(y) = B(y) dB(y)/dy = V σ dV σ (y)/dy = l tanh
where B(y) = |B σ (y)|. Assuming that y does not exceed 2.5 µm [27] , one obtainsỹ(y) ≥ỹ (2.5 µm) = 20.41 µm. Therefore, since at y ≤ 2.5 µm the inequality y ≪ỹ(y) together with the assumption about small y compared with l hold, we assume that in our system the exciton gauge magnetic field B σ (y) given by Eq. (A4) and scalar potential V σ (y) do not depend on coordinates and, therefore, are constants. Assuming y/l ≪ 1 at y ≪ 5 µm, we expand A σ and B σ in series in terms of y/l and in the first order approximation obtain from Eq. (A2) the following:
The spin-dependent gauge scalar potential V σ is given by [27] :
and Ω ≡ Ω 
In Eq. (A5), the scalar potential W (R) is given by
where θ = tan 
Since we consider two counterpropagating Gaussian laser beams with symmetrically shifted centers along the y axis [27] , we used for derivation of Eq. (A9), the following relation: |k 1 − k 2 | = |k 1 | + |k 2 |. Assuming y/l ≪ 1 at y ≪ 5 µm, in the first order with respect to y/l, one obtains W = const. Therefore, in our approach we will not consider the gauge scalar potential acting on excitons, since in the first order with respect to y/l it results in zero scalar gauge field, because the nonzero scalar potential occurs only in the second order on y/l.
Appendix B: Diagonalization of the HamiltonianĤ under assumptionĤexc−exc = 0 by using unitary transformations
The total HamiltonianĤ assumingĤ exc−exc = 0 can be diagonalized by using unitary transformations and can be written as [32] :Ĥ 0 = P ε LP (P)p † Pp P + P ε UP (P)û † Pû P ,
wherep † P andû † P are the Bose creation and operators for the lower and upper polaritons, correspondingly. The energy spectra of the lower and upper polaritons are given by ε LP/UP (P) = ε ph (P ) + ε ex (P) 2 ∓ 1 2 (ε ph (P ) − ε ex (P)) 2 + 4| Ω R | 2 ,
where the Rabi splitting between the upper and lower states at P = 0 equals 2Ω R . The operators of excitons and photons are defined as [32] b P = X PpP − C PûP ,â P = C PpP + X PûP ,
wherep P andû P are the Bose operators of the lower and upper polaritons, correspondingly, and X P and C P are [32] X 
where |X P | 2 and |C P | 2 = 1 − |X P | 2 point out the exciton and cavity photon fractions in the lower polariton [32] . At α ≡ 1/2(M −1 + (c/ñ)L C / πq)P 2 /| Ω R | ≪ 1 we obtain from Eq. (B4) the following relation: X P ≈ 1/ √ 2.
